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(a) The finite element model of the ice tower.
(b) The ice tower after construction (photo by Maple Village).
FIGURE 0.6  The Flamenco Ice Tower in Harbin of China, 2018.
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§  1.1 Background and Motivation









(a) Freeform facade.  (b) Freeform support structures.  
FIGURE 1.1  Himalayas Centre Shanghai [7].
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(a) Freeform roof. (b) Freeform interior spaces.
FIGURE 1.2  Heydar Aliyev Centre [8][9].
(a) Freeform roof. (b) Freeform interior spaces.
FIGURE 1.3  Harbin Opera House [10][11].














































§  1.2 Research Problem
The research problem of this thesis is:
How to generate structural forms with high structural efficiency subject to architectural 





















§  1.3 Scope of This Research











(a) Hanging structural system 
[18].














































shown in Figure 1.6. Shells can be curved in one or two directions.
TOC
 37  Introduction

























 38 Form Follows Force

































































 40 Form Follows Force

































 42 Form Follows Force
The main content of each chapter is introduced as follows:


















































 – Chapter 10 presents the conclusions, limitations of the current work, and final 
remarks.


































































PART 2 Theoretical Framework for 
Structural Morphology
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 – The parameters of material distribution, which are used to define the topology 
and the cross sections of the initial structural system.
 – The parameters of material properties, which are used to define the constitutive 
models of all building materials in the initial structural system.
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remain within its location. For Force-Active structural systems, the final 
equilibrium form may be completely different from the initial one.
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2.3(c). We can also attain the distribution of internal force or other behaviour of the 
equilibrium mechanism, which are not covered here.
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(a) Hanging model of Heinz Isler [66]. (b)Tension model of Frei Otto [67].

















































































(a) Weihai Stadium [76].
























































































(a) Evolution of the structural form.












(a) Evolution of the structural form.
(b) Evolution of strain energy.
FIGURE 3.11  Example of freeform reticulated shells [86].




























(a) Initial structure (b) Optimised structure
FIGURE 3.13  Size and topology optimisation of the 25-bar spatial truss structure [88].
(a) Initial structure.
(b) Two optimized structures with optimisation goal of minimum self-weight.
(c) Two optimized structures with optimisation goal of minimum product of self-weight and strain energy
FIGURE 3.14  Size and topology optimisation of a four-corner-supported spherical grid shell [89].
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 79  Form-Finding of Shell Structures
PART 3 Form-Finding of Shell Structures
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FIGURE 4.4  Types of Gaussian curvature: a) Positive, b) Zero, and c) Negative [96].
(a) The Gaussian curvature.

























































positive pressure loading p, where ,x xy yx yN N N N, ,  indicate the in-plane internal forces 
(membrane forces) per unit length,  ,x yQ Q  denote the transversal shear forces per unit 
length, ,x yM M  are the bending moments per unit length, and  ,xy yxM M  denote the 
twisting moments per unit length. Correspondingly, some quantities of deformation 
are mentioned here, where  ε γ εxx xy yy, ,  indicate in-plane strains of the middle surface, 
κ ρ κ γ γxx xy yy xz yz, , , ,  denote the curvature deformations of the middle surface, and 






















=    Equation 4.8
2 2
xyr b N= +    Equation 4.9
1N a r= +    Equation 4.10































































ε γ ε    Equation 4.14
The bending strain energy is calculated as follows


































































































































































§  4.4.2 Numerical Form-Finding methods
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given target surface for a given set of loads. Many other papers from the book ‘Shell 




















































































































































§  5.2 The VFIFE Method








































steps. First, translate and rotate the element aibi reversely to ai-1bi2 in time ti-1, and then 
get the value of the pure deformation of the element easily.
FIGURE 5.3  Schematic diagram of the pure deformation.
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equations, and the calculation procedure of this method is a step-by-step and particle-
by-particle cycling computation.





















































c bc cd cF = F + F + P    Equation 5.3
where Fbc and Fcd represent the internal forces of elements bc and cd, and Pc represents 
the applied loading on particle c.
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FIGURE 5.5  Residual force of particle c.
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x F x v
x F x x    Equation 5.10
When damping exists in the structural system, and assuming that the damping force is 
proportional to the velocity and mass of the particle, we know that:
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, C h2 1 0 5= − . ξ    Equation 5.15
where m represents the mass of the particle, F represents the residual force of the 
x-direction acting on it, v represents the velocity of it in the x-direction, x represents 















§  5.2.3 Numerical example of a hanging cable net
Example 5.1 of a hanging cable net is shown here to illustrate the validity of the VFIFE 






































































To explain the meaning of θ i i( , , )= 1 2 3 , shown in Figure 5.11, translate A0B4C4 to 
coincide with the centroid of A0B0C0 and obtain A5B5C5, where pointx O0 and O5 are the 








element can be obtained easily, which can be described by three vectors  , , and  , 
as shown in Figure 5.12.
FIGURE 5.12  Calculation of the pure deformation.
§  5.3.2 Calculation of the internal force increment of 











where 1̂e , 2ê , and  3ê  represent the unit vectors in the  x̂ , ŷ , and ẑ directions of the 
deformation coordinate system respectively, and the vector 0n is the normal vector of 
A0B0C0.





0A Au = v =    Equation 5.20
   Equation 5.21
   Equation 5.22
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   Equation 5.24
where ˆiu  and   represent the displacement vector and the force increment vector 
















































in the x̂  direction and the  ŷ  direction all equal zero:
ˆ 0AM =∑    Equation 5.29
ˆ 0xF =∑    Equation 5.30
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(a) Top view. (b) Front view. (c) Right view.
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FIGURE 5.26  Stress ratio R2 of Example 5.2 (%).
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FIGURE 5.30  Strain-energy ratio α of Example 5.2 under loads with a same distribution as the hanging 
membrane (%).
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(a) α with ten values of contours (%).
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FIGURE 5.46  Evolution curve of the VFIFE method of Example 5.4.
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§  6.2 Form-Control of the Equilibrium Structural Form with One Target Point
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Figure 6.1 presents the inverted equilibrium hanging structural form of Example 5.2. 
As a characteristic parameter of this, the height h of the central point M is 2.48 m.


































height of the point M is h1 = f(E1).
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2 Using Young’s modulus (E1+△E) with a small difference from the initial one, after 





( ) ( )
EE E h h
f E E f E
∆
= + × −
+ ∆ −    Equation 6.2
where 
1 1( ) ( )
E
f E E f E
∆
+ ∆ −  should represent the linear characteristic of the function h=f(E) 
in the point (E1, f(E1)), which is the reciprocal value of the slope in the point of the 
function curve. Therefore, △E is set to a relatively smaller value.
4 With the newly obtained Young’s modulus E2, after numerical analysis using the VFIFE 









( ) ( )
EE E h h
f E E f E
∆
= + × −
+ ∆ −    Equation 6.3
With several iterations of the steps, the equilibrium structural form with one target 
height can be generated.
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FIGURE 6.3  Iteration curve of Example 6.1.
















FIGURE 6.10  Strain-energy ratio α of Example 6.1 under the same load distribution with the equilibrium 
hanging membrane (%).
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§  6.3 Form-Control of Equilibrium Structural 
Form with Multiple Target Points
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§  6.3.3 Numerical example



































































Step 1 3.000 0.500 1.000 1.500 2.000
Step 2 2.755 0.317 0.863 1.362 1.874
Step 3 2.751 0.278 0.868 1.372 1.869
Step 4 2.748 0.266 0.870 1.366 1.869
TABLE 6.2  Adjustment process of Example 6.3 (m).






(a) Top view. (b) Front view. (c) Right view.
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(a) α with ten values of contours (%).




(a) Initial structural model.
(b) Top view of the form-finding 
result.
(c) Front view of the form-finding 
result. 
(d) Right view of the form-finding 
result.
(e) Perspective view of the form-finding result.
FIGURE 6.19  Form-Finding result of Example 6.3 with a fold as the initial model.
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(a) First initial structural system and Form-Finding result.
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(a) First Form-Finding result with doubled elastic modulus of the hanging membrane of Example 5.2.
(b) Second Form-Finding result with half elastic modulus of the hanging membrane of Example 5.2.
FIGURE 7.3  Two Form-Finding results of Example 7.2.
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(a) First initial structural system with 2 times the loads in the upper part and its Form-Finding result.
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(b) Second initial structural system with 2 times the loads in the central part and its Form-Finding result.
FIGURE 7.4  Two initial structural systems and Form-Finding results of Example 7.3.
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(a) Initial conditions of Example 5.2 with one hexagonal hole in the central part and the Form-Finding result.
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(b) Initial conditions of Example 5.2 with seven hexagonal holes symmetrically and the Form-Finding result.
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(c) Initial conditions of Example 5.2 with cable elements in the boundaries and the Form-Finding result.
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(d) Initial conditions of Example 5.2 with cable elements in the diagonals and the Form-Finding result.
FIGURE 7.5  Four initial structural systems and Form-Finding results Example 7.4.
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(a) Initial conditions of Example 5.2 with point supports and the Form-Finding result.
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(b) Initial conditions of Example 5.2 with more point supports and the Form-Finding result.
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(c) Initial conditions of Example 5.2 with inward-curved supports and the Form-Finding result.
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(d) Initial conditions of Example 5.2 with outward-curved supports and the Form-Finding result.
FIGURE 7.6  Four initial structural systems and Form-Finding results of Example 7.5.
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PART 4 Influence of Support Shapes 
on Form-found Shells
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§  8.2.1 Introduction of the form-found shells
The initial conditions of the four hexagonal shells are shown in Figure 8.11-8.14. 
Supports are at the six corners AA’, BB’, CC’, DD’, EE’ and FF’. Four support shapes are 
considered: straight (Model A), outward-curved (Model B), inward-curved (Model C) and 
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(a) Top view. (b) Front view. (c) Right view.
(d) Perspective view.
FIGURE 8.15  Model A (shell with straight supports).
FIGURE 8.16  Model B (shell with outward-curved supports).
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FIGURE 8.17  Model C (shell with inward-curved supports).
FIGURE 8.18  Model D (shell with strongly inward-curved supports).
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§  8.3 Comparison of Structural Behaviour of Form-







Model As Model A (shell with straight supports) simply supported at six corners
Model Af Model A (shell with straight supports) fixed supported at six corners
Model Bs Model B (shell with outward supports) simply supported at six corners
Model Bf Model B (shell with outward supports) fixed supported at six corners
Model Cs Model C (shell with inward supports) simply supported at six corners
Model Cf Model C (shell with inward supports) fixed supported at six corners
Model Ds Model D (shell with strongly inward supports) simply supported at six corners
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and outward-curved supports. For Model Bf, Model Cs, Model Cf, Model Ds and Model 
Df, the minimum R2 occurs in the middle part of the boundary lines, while for Model 
As, Model Bs, and Model Bf, it occurs in the parts near the boundaries. Moreover, 
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MODELS MINIMUM 
S3 / PA
DISTRIBUTION OF S3 NEAR SUPPORTS MINIMUM 
R2 / %































DISTRIBUTION OF S3 NEAR SUPPORTS MINIMUM 
R2 / %






























 212 Form Follows Force








































































52.74 0.00220 0.05282 -9.57E+05
>>>
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FIGURE 8.33  Vectorial representation of the principal stresses for Model As (shell with simply supported 
straight supports) when the shell fails (lateral view).
§  8.4 Comparison of Structural Behaviour of Form-
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§  9.2 Manufacture of the Shell Models
Figure 9.1 presents the dimensions of the three form-found shell models. They are 
scaled models of the Model A, Model B and Model C of the last chapter.
(a) Top view of the three shell models.
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(b) Front view of the three shell models.





(a) Formwork of Model A (shell with straight supports).
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(b) Formwork of Model B (shell with outward supports).






























§  9.3 Setup and Tests of Shell Models
Shown in Figure 9.7, it presents the design scheme of the setup of the test.
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FIGURE 9.9  Setup of the test.




























































different from shell Model A and shell Model B, the buckling process of shell Model C 
starts from a relatively flat and thin area near one support, as shown in Figure 9.5 and 
the red curves in the pictures at 6 and 8 seconds of Figure 9.13. Figure 9.10 shows that 
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(a) Buckling mode of Model A (shell with straight support).
(b) Buckling mode of Model B (shell with outward-curved support).
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FIGURE 9.17  First six buckling modes of Model C (shell with inward-curved supports).
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13 Qingjie Hu*, Qingpeng Li, Yue Wu. Discrete firefly algorithm in the application of 
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